In this short paper we show that Connes'quantization of a Morse-Smale vector field on an orientable two-dimensional closed manifold satisfies Berezin's requirement of equivalence preservation.
Introduction and Berezin's concept of quantization
According to Berezin [1] a mathematical quantization of a sympletic manifold should be a family of associative algebras with involution satisfying certain properties. Among these properties is a functorial one, that says that equivalence should be preserved under quantization. A typical example is Berezin's quantum disc, where given U unit disc in complex plane, with its canonical sympletic form w = z n . Setting T ϕ ( f (z) = (PM ϕ f )(z), where M ϕ ( f ) = ϕ f and P is the orthogonal projection on the subspace of holomorphic functions one gets the corresponding Bergman kernels K h (z, w) = 1 hπ 1 (1−zw) 1+1/h then the algebras generated by the operators T ϕ form the quantum disc. Actually, these algebras coincide with the algebras generated by the deformations [z,z] = h(I − zz)(I −zz) (see [6] ). In general, the Berezin quantization of a sympletic manifold (M, w) is given by a family of associative algebras A = (A h ) h∈E , where E denotes the set of positive real numbers having 0 as a limit point, such that the correspondence principle hold, that is, there is a family of involution preserving linear mappings
− T {ϕ,ψ} = 0, where {· , ·} is the Poisson bracket associated to w. Further, the correspondence (M, w) A must satisfy
These properties hold in the special case of the quantum disc(see [6] ). Berezin's conceptual treatment of quantization has been extended in many directions. Recently, Kontsevich proved that every finite-dimensional Poisson manifold, that is, any manifold M with a Poisson bracket on C ∞ (M), always admits a deformation quantization. In the early eighties, by using his then new noncommutative integration theory, A. Connes quantized the dynamics described by regular foliations by establishing a correspondence F C * (F ), between regular foliations and C * -algebras. Soon after, Sheu extended this construction to include singular foliations. Our purpose here is to show that Sheu's construction, may be used to produce a quantization of a Morse-Smale vector field on a closed, that is, compact without boundary, orientable two-dimensional manifold satisfying Berezin's requirements. Here, by regular foliations is meant the ones that have leaves with the same dimension, while singular foliations are the ones with leaves having different dimensions.
Connes' foliation algebra and Sheu's extension
We first recall Connes' basic construction in a special case. Let be given the first-order system
By plotting its trajectories one gets a natural 1-dim foliation of R 3 . Associated to this foliation one has its graph Ω(F ) defined as the subset of R 6 consisting of points (t 1 ,
such that there is a trajectory through (t 1 , x 1 , u 1 ) and (t 2 , x 2 , u 2 ). This manifold carries a natural, partially defined, group like structure (groupoid). It was precisely through this notion of groupoid that Connes introduced a quantization process. By a groupoid G with basis B we understand a set G endowed with mappings r : G → B, s : G → B, called target and source maps and a partially defined binary operation (x, y) → xy such that: (i) xy is defined whenever r(y) = s(x); (ii) associativity holds; (iii) for each x ∈ G there is a left neutral element r x and a right neutral element s x such that r x · x = x = x · s x . Thus instead of the unity of the group we have the unit space G o := {xx −1 : x ∈ G}. Groups are groupoids with G o = {e}. The mappings r, s : G → G o , with r(x) = x x −1 and s(x) = x −1 x are naturally associated to G and allow us to identify B with G o . By a topological groupoid we mean a groupoid G endowed with a topology such that the multiplication and the inverse mappings, whenever defined, are continuous. Let us assume, at first, that G is locally compact, Hausdorff and that the topology on G is second countable. It is well-known that in case G is a group with a left Haar measure dx, L 1 (G, dx) can be made into a * -Banach algebra with multiplication ( f * g)(x) = f (y)g(y −1 x)dy and the involution: f * (x) = f (x −1 )∆(x) −1 , where ∆ is the modular function of G. The group C * -algebra C * (G) is defined to be the completion of L 1 (G) with respect to the norm || f || C * = sup{||π( f )|| : π is a unitary representation of G}, where π( f ) = G f (x)π(x) dx and || || is the operator norm for operators on the Hilbert space of π.
In a locally compact groupoid one does not have a Haar measure, so the above procedure can not be used to construct a C * -algebra out of it. Connes introduced the following substitute for a Haar measure: A transverse function on a locally compact groupoid is a family of measures give G a natural structure of a (2p + q)-manifold. If the leaves of F are all simply connected, of more generally, without holonomy, then G reduces to the groupoid of an equivalence relation R on M, R being the relation of "lying on the same leaf" as in case of the 1-dim foliation of R 3 given previously. In general, given a locally compact groupoid with a Haar system (G, λ). We can define a * -algebra structure of C c (G), taking ( f * g)(γ) = f (γ )g(γ −1 γ)dλ s(γ) (γ ); and f * (γ) = f (γ −1 ). The C * -algebra envelope of this * -algebra is the C * -algebra of the groupoid G. We define groupoid equivalence the following way: Let G be a groupoid. Consider a fiber bundle with base space G o , total space Z and projection π.
and the product of γ by z is defined by γ · z = L γ (z). The set of compatible pairs is denoted by G * Z.
If π is open and continuous, and the product map G * Z ⊂ G × Z → Z is continuous then Z is called a left G-space. Similarly one defines right G-spaces. Given two groupoids G and G we define a (G, G )-space as a topological space Z that satisfies: (i) Z is a left G-space; (ii) Z is right G -space;
(iii) the actions of G and G on Z commute. We say that two groupoids G and G are equivalent whenever there is a (G, G )-space such that: (i) if π(z ) = π(z) then there is a unique γ ∈ G such that z = γz. (ii) if π (z ) = π (z) then there is a unique γ ∈ G and that z = zγ .
C * -algebras equivalence and the main result
Let A be a C * -algebra and X be a (right) A-module. We define a (right) inner product in X as the mapping
By an A-Hilbert module X we mean an A-module with inner product that is complete with respect to || · || A . We say X is saturated whenever I := span{( x, y A ; x, y ∈ X} is dense in A. Now, let A and B be C * -algebras. As A − B imprimitive bimodule X is an A − B module such that:
Two C * -algebras A and B are then said Morita equivalent if there exists an A − B imprimitivity bimodule that implements the equivalence between A and B. Now let (V, F ) be a singular foliation and the subsets F in F leaves. An s-density on an n-dimensional vector space V over R is a map α : Λ n V * ∼ {0} → C such that for any non-zero c ∈ R and non-zero z ∈ Λ n V * , we have α(cz) = |c| s α(z). Let Ω s V be the set of s-densities on V ;
; Ω * V is a vector space over C under pointwise operations; Ω s V is onedimensional: Fix a non-zero ω ∈ Λ n V and λ ∈ C. Let {e i } be a basis for V with dual basis {e * i }. 
We recall that given a vector field X on a manifold M, that is X : M → T M, where T M is the tangent bundle over M. The integral curves of the systemẋ(t) = X(x(t)), x(0) = p define a flow
Now given two vector fields X and Y on M with corresponding flows F and G, respectively, we say X and Y are topologically equivalent whenever there is an homeomorphism h : M → M that maps orbits of X into orbits of Y preserving their orientation. Further, we say that X ∈ X r (M) is structurally stable whenever there is a neighborhood V of X in X(M) such that every vector field Y ∈ V is topologically equivalent to X. In other words, the topological behaviour of the orbits of X does not change under small perturbations. Suppose now that M is a 2-dimensional closed manifold. Then X ∈ X r (M) is called Morse-Smale if: (a) the vector field X has a finite number of hyperbolic singular points and a finite number of hyperbolic periodic trajectories; (b) there is no saddle connection, that is, no separatrix joining one saddle to another or to itself; (c) any orbit has a unique α-limit as well as a unique ω-limit.
Morse-Smale vector fields on compact two-dimensional manifolds were proved to be abundant and were classified through important contributions due to Peixoto (for a modern approach, using the technique of atoms and molecules, see [2] The steps of the proof consists of showing that the foliations associated to the equivalent Morse-Smale vector fields X and Y are equivalent. Further, since such foliations are (étale) (see [5] ) their holonomy groupoids are equivalent as groupoids. On the other hand, a result of Muhly,
